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GENERALIZATION OF ABHYANKAR’S LEMMA TO HENSELIAN VALUED
FIELDS
ARPAN DUTTA
Abstract. Abhyankar showed that for a finite tame extension L1/K and a finite extension L2/K
of P-adic fields, the condition [νL1 : νK] divides [νL2 : νK] is sufficient to eliminate ramification,
that is, L1 · L2/L2 is unramified. In this paper, we show that the above condition is not sufficient
in the case of an arbitrary henselian valued field. We construct a counterexample illustrating that
fact. We also give a necessary and sufficient condition for the elimination of tame ramification of a
henselian field after a finite extension of the base field.
Notations
For any two fields K1 and K2, their compositum will be denoted by K1 · K2. The algebraic
closure of a field K will be denoted by K and the characteristic will be denoted by char K. If
char K = p > 0, its perfect hull will be denoted by K
1
p∞ . The degree of a finite extension L/K of
fields will be denoted by [L : K]. The order of a finite quotient G/H of groups will be denoted by
[G : H].
1. Introduction
A P-adic field is the completion of an algebraic number field under a discrete valuation of rank
1. Abhyankar’s lemma [cf. 10, Chapter 5, Corollary 4] gives a necessary and sufficient condition to
eliminate tame ramification of a P-adic field after lifting through a finite extension.
Lemma 1.1. (Abhyankar) LetK be aP-adic field, L1/K be a finite tame extension and L2/K be
a finite extension. Let e1 = [νL1 : νK] and e2 = [νL2 : νK] denote the corresponding ramification
indices. Let L = L1 · L2. Then L/L2 is unramified if e1 divides e2.
For a valued field of rank 1, the henselization lies in the completion, and in particular, the
completion itself is henselian. So the question naturally arises whether the above condition holds
for an arbitrary henselian valued field. In section 3, we construct the following counter-example
(Example 3.1) to show that this is not the case.
Example 1.2. Let k be a field with char k 6= 2 and k(X,Y ) denote the function field in two
variables. Define a map ν : k[X,Y ] −→ Z⊕ Z by
ν(
∑
a,b∈N
ca,bX
aY b) = min{(a, b) | ca,b 6= 0}
where the ordering taken is lex order. We extend ν to a valuation on k(X,Y ) by defining ν(f
g
) :=
ν(f) − ν(g) where f, g ∈ k[X,Y ]. Set K = (k(X,Y ), ν)h to be the henselization of k(X,Y ) with
respect to ν. Let L1 = K(
√
X) and L2 = K(
√
Y ). Let L = L1 · L2. Then (L/L2, ν) is ramified.
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A local field is a complete discretely valued field of rank 1, with finite residue field. In [2] it is
shown that the ramification index of the compositum of two finite extensions of local fields is equal
to the least common multiple of the ramification indices corresponding to the finite extensions,
provided at least one of the extensions is tame. Example 3.1 shows that this result also does not
hold in the case of arbitrary henselian valued fields.
P-adic fields are henselian and in particular, defectless. In section 4, we see that the defect does
not play a role in the elimination of tame ramification, since it is enough to lift through a finite
tame extension. We state two important results. For a valued field (K, ν), Kr denotes the absolute
ramification field [cf. Section 2].
Lemma 1.3. Let (K, ν) be a henselian field such that Kν is perfect. Let (L1/K, ν) be a finite
tame extension and (L2/K, ν) be a finite extension. Let L = L1 ·L2, L′2 = L2∩Kr and L′ = L1 ·L′2.
Then (L/L2, ν) and (L
′/L′2, ν) are finite tame extensions. Moreover (L/L2, ν) is unramified if and
only if (L′/L′2, ν) is unramified.
Theorem 1.4. Let (K, ν) be a henselian field such that Kν is perfect. Let (L1/K, ν) be a finite
tame extension and (L2/K, ν) be a finite extension. Set L = L1 · L2. Set L′2 = L2 ∩ Kr and
L′ = L1 · L′2. Set e1 = [νL1 : νK] and e′2 = [νL′2 : νK]. For any θ ∈ OL′ let dθ = [L1ν(θν) : L1ν].
Then,
(L/L2, ν) is unramified if and only if e
′
2dθ = e1[L
′ : L1] for some θ ∈ OL′ .
In this case, L′ν = L1ν(θν) and e1 divides e′2.
Another important related problem is the problem of uniformization of valued field extensions.
It has been shown by Knaf and Kuhlmann [5, 8] that any valuation of an algebraic function field
admits local uniformization in a finite extension of the function field. It is also known that a finite
unramified extension of henselian valued fields is uniformizable [cf. 6, Proposition 15.8]. In section
4, we construct an easy example of a family of valued field extensions which are uniformizable after
lifting through a finite extension.
2. Preliminaries
A valuation ν on a field K is a homomorphism ν : K∗ −→ Γ, where Γ is an ordered abelian
group, such that ∀x, y ∈ K∗,
ν(xy) = ν(x) + ν(y), ν(x+ y) ≥ min {ν(x), ν(y)}.
We have the convention that ν(0) =∞ where∞ has a higher value than any element in Γ. We can
assume that ν is surjective onto Γ. Γ is called the value group and will be denoted by νK. A valued
field (K, ν) is a field K with a valuation ν on it. The valuation ring OK = {x ∈ K | ν(x) ≥ 0} is a
normal local domain with the unique maximal ideal mK = {x ∈ K | ν(x) > 0}. The quotient field
of OK is K. We will denote the residue field
OK
mK
as Kν. For x ∈ OK , its value will be denoted by
ν(x) and its residue will be denoted by xν. For a polynomial f(X) ∈ OK [X], its image in Kν[X]
under the natural surjection map will be denoted by (fν)(X).
The residue characteristic of (K, ν) will be denoted by p and is defined as
p =
{
char Kν if char Kν > 0
1 if char Kν = 0
}
.
Given a valued field (K, ν) and a field extension L/K, we always obtain an extension of ν to L [11].
Conversely if L/K is a field extension and ν is a valuation on L, its restriction to K is a valuation
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on K. We will denote an extension of valued fields as (L/K, ν), which will mean L/K is a field
extension, ν is a valuation on L and K is equipped with the restricted valuation. In this case we
have that νK is a subgroup of νL and Kν is a subfield of Lν. An extension (L/K, ν) of valued
fields is said to be immediate if νK = νL and Kν = Lν.
If L/K is a finite extension, there are finitely many extensions of ν fromK to L. Let they be denoted
by {ν1, · · · , νg}. Associated to these extensions, we have two classical indices. The ramification
index is defined as ei = [νiL : νK] and the residual degree is defined as fi = [Lνi : Kν]. We
have 1 ≤ ei, fi ≤ [L : K]. When we have an unique extension of ν to L, an important related result
is Ostrowski’s Lemma.
Lemma 2.1. (Ostrowski) Let (K, ν) be a valued field with residue characteristic p. Suppose that
L/K is a finite extension such that there is an unique extension of ν to L. Then,
[L : K] = d · e · f
where d is a power of p, e = [νL : νK] and f = [Lν : Kν].
The number d is called the defect of the extension (L/K, ν). If d = 1 the extension is said to
be defectless. In particular, if char Kν = 0, the extension is always defectless.
The rank of a valuation (K, ν) is rk ν = rk νK = dim OK where dimension means the Krull
dimension. The rational rank of (K, ν) is rat rk ν = rat rk νK = dimQ(νK ⊗Z Q) where the
dimension is as a Q vector space. We have rk ν ≤ rat rk ν [11]. Also the rank and rational rank
of a valuation remain invariant under finite extensions of the valued field [11].
We now quickly recall some aspects of ramification theory [cf. 1, 3, 6, 11]. Let (L/K, ν) be an
algebraic extension of valued fields such that the field extension L/K is normal. Let G = Aut(L/K).
The set of all extensions of ν to L are given by {ν◦σ | σ ∈ G}. We define some important subgroups
of G and their corresponding fixed fields, and state some of their properties. By abuse of notation
we will denote the restriction of ν to K as ν. The decomposition group of ν is defined as
Gd = {σ ∈ G | ν ◦ σ = ν on L}.
The inertia group is defined as
Gi = {σ ∈ G | ν(σx− x) > 0∀x ∈ OL}.
The ramification group is defined as
Gr = {σ ∈ G | ν(σx− x) > ν(x)∀x ∈ OL}.
Let S = Ksep denote the separable closure of K in L. The corresponding fixed fields in S will be
denoted as Kd, Ki and Kr and are respectively called the decomposition field, inertia field
and the ramification field. We have,
Gr E Gi E Gd ≤ G and Gr E Gd.
Thus, Gal (L/Ki) = Gi, Gal (L/Kr) = Gr and Gal (Kr/Ki) = Gi/Gr. We also have,
• (Kd/K, ν) is an immediate extension,
• νKi = νK, Kiν = (Kν)sep is the separable closure of Kν in Lν,
• νKr = (νL : νK)p′ = {γ ∈ νL | nγ ∈ νK for some n ∈ N coprime to p}, Krν = Kiν,
• S/Kr is a p− extension.
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In the case when L = K, these are called the absolute decomposition field (group), absolute
inertia field (group) and absolute ramification field (group).
A valued field (K, ν) is said to be henselian if OK is a henselian ring, that is, it satisfies Hensel’s
Lemma [9, 6, 7]. From [9, Lemma 3] and [11, Chapter VI, Section 7, Corollary 2], this is equivalent
to saying that ν has an unique extension from K to its algebraic closure K, and hence to any alge-
braic extension of K. Thus Ostrowski’s Lemma holds in the case of finite extensions of henselian
valued fields. If (K, ν) is a henselian valued field, then K = Kd, the absolute decompostion field.
An algebraic extension of a henselian valuation is again henselian [cf. 6, Corollary 1].
For an arbitrary valued field (K, ν), Kd is the least algebraic extension satisfying the Hensel’s
Lemma. We call Kd to be the henselization of K. It will also be denoted by Kh. Thus henseliza-
tion is always an immediate extension.
Let (L/K, ν) be an algebraic extension of henselian valued fields. The extension (L/K, ν) is said
to be tame if for any finite subextension L′/K, the following conditions are satisfied.
• p does not divide [νL′ : νK],
• L′ν/Kν is a separable extension,
• (L′/K, ν) is a defectless extension.
It is known that for a henselian valued field (K, ν), the absolute ramification field Kr is the unique
maximal tame extension. Moreover, the absolute inertia field Ki is the unique maximal tame
extension such that there is no extension of value groups [cf. 6, Theorem 11.1]. In particular, a
tame extension is always separable.
An extension (L/K, ν) of henselian valued fields is said to be unramified if (L/K, ν) is tame and
νL = νK. From the preceding discussions, this is equivalent to the condition that L ⊆ Ki.
The extension (L/K, ν) is said to be purely wild if L/K and Kr/K are linearly disjoint. Since
Kr/K is a Galois extension, this is equivalent to the condition L ∩Kr = K. Another equivalent
characterization of a purely wild extension is,
• νL/νK is a p-group,
• Lν/Kν is purely inseparable.
3. Abhyankar’s Lemma
In Lemma 1.1 Abhyankar gave a sufficient condition to eliminate tame ramification after a finite
extension of the base field [cf. 10, Chapter 5, Corollary 4]. That the condition is necessary follows
easily from the multiplicative property of ramification indices. Evidently, (L/L2, ν) is unramified
implies νL = νL2. Thus, with the notations as in Lemma 1.1, e2 = [νL : νK] = [νL : νL1]e1 and
hence e1 divides e2.
Since P-adic fields are defectless and in particular henselian, we want to investigate whether this
condition extends to henselian valued fields. Let (K, ν) be a henselian valued field, (L1/K, ν) be a
finite tame extension and (L2/K, ν) be an arbitrary finite extension. Let ei = [νLi : νK], i = 1, 2.
Let L = L1 · L2 denote their compositum. Since an algebraic extension of a henselian field is
henselian, we have that L,L1 and L2 are henselian. Suppose that (L/L2, ν) is unramified. Then
using the same argument as above, we have that e1 divides e2 is a necessary condition to eliminate
ramification. However the condition is not sufficient for henselian valued fields, as illustrated by
the following example.
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Example 3.1. Let k be a field with char k 6= 2 and k(X,Y ) denote the function field in two
variables. Define a map ν : k[X,Y ] −→ Z⊕ Z by
ν(
∑
a,b∈N
ca,bX
aY b) = min{(a, b) | ca,b 6= 0}
where the ordering taken is lex order. We extend ν to a valuation on k(X,Y ) by defining ν(f
g
) :=
ν(f) − ν(g) where f, g ∈ k[X,Y ]. Set K = (k(X,Y ), ν)h to be the henselization of k(X,Y ) with
respect to ν. Let L1 = K(
√
X) and L2 = K(
√
Y ). Let L = L1 · L2. Then (L/L2, ν) is ramified.
Proof. From [1, Chapter II, section 9, example 4], we have that ν is a valuation. The value group
νk(X,Y ) = (Z ⊕ Z)lex. Since henselization is immediate, we have νK = (Z ⊕ Z)lex. We further
observe that ν is trivial on k. Thus νk = 0 and kν = k ⊆ Kν. In particular, char Kν 6= 2. Since
K is henselian, we extend ν uniquely to K. We know that νK is the divisible hull of νK, that is,
νK = Q⊗Z νK. So, νK is Q⊕Q equipped with the lex order.
We observe that 2ν(
√
X) = ν(X) = (1, 0) =⇒ ν(√X) = (12 , 0) /∈ νK. Thus
√
X /∈ K. Hence
[L1 : K] = [K(
√
X) : K] = 2. Again Y
√
X ∈ L1 =⇒ (12 , 1) ∈ νL1 =⇒ 12Z ⊕ Z ⊂ νL1. Thus
e1 = [νL1 : νK] ≥ 2. From Lemma 2.1 we then have,
[L1 : K] = e1 = 2, L1ν = Kν, νL1 =
1
2
Z⊕ Z.
Similarly, denoting e2 = [νL2 : νK] we obtain,
[L2 : K] = e2 = 2, L2ν = Kν, νL2 = Z⊕ 1
2
Z.
Now, L = L1 · L2 = K(
√
X,
√
Y ) =⇒ [L : K] ≤ 4. Again √XmY n ∈ L ∀m,n ∈ Z. Thus
ν(
√
XmY n) = (m2 ,
n
2 ) ∈ νL ∀m,n ∈ Z. Hence 12Z⊕ 12Z ⊂ νL. Using the same arguments as above,
we obtain
[L : K] = [νL : νK] = 4, Lν = Kν, νL =
1
2
Z⊕ 1
2
Z.
Since char Kν 6= 2, we observe that L/K is a tame extension, and thus every subextension is also
tame. Then νL 6= νL2 implies that (L/L2, ν) is a ramified extension. 
4. Elimination of ramification
In this section, we give a necessary and sufficient condition to eliminate tame ramification of a
henselian valued field after lifting through a finite extension. Throughout this section, Kd,Ki and
Kr will respectively denote the absolute decomposition field, absolute inertia field and the absolute
ramification field of a valued field (K, ν).
Lemma 4.1. Let (K, ν) be a henselian field such that Kν is perfect. Let (L1/K, ν) be a finite
tame extension and (L2/K, ν) be a finite purely wild extension. Set L = L1 ·L2. Then [νL : νK] =
[νL1 : νK][νL2 : νK]. Moreover (L/L1, ν) is purely wild and (L/L2, ν) is tame.
Proof. Let p denote the residue characteristic of (K, ν). Set e = [νL : νK], f = [Lν : Kν], ei =
[νLi : νK], qi = [νL : νLi], fi = [Liν : Kν], gi = [Lν : Liν], i = 1, 2. The defect of any extension
(F1/F2, ν) will be denoted by d(F1/F2, ν). If the valuation ν is tacitly understood, we will simply
use the notation d(F1/F2).
Since the ramification indices and residual degrees are multiplicative, we have
e = e1q1 = e2q2 and f = f1g1 = f2g2.
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L2/K is purely wild implies L2/K and K
r/K are linearly disjoint. And (L1/K, ν) is tame implies
L1 ⊆ Kr. From the definition of linear disjointness, it then follows that L1/K and L2/K are
linearly disjoint, that is, [L : K] = [L1 : K][L2 : K].
[6, Theorem 5.10] implies that Lr2 = L2 ·Kr. Thus,
K ⊆ L1 ⊆ Kr =⇒ L2 ⊆ L ⊆ Lr2.
Thus (L/L2, ν) is a tame extension. In particular, d(L/L2) = 1.
We recall that any algebraic extension of a henselian field is again henselian. So in our case, all field
extensions are finite extensions of henselian valued fields, hence we can apply Lemma 2.1. Now
(L2/K, ν) is purely wild implies L2ν/Kν is a purely inseparable extension. Since Kν is perfect, we
have L2ν = Kν. Thus, f2 = 1, that is f = g2. Also νL2/νK is a p-group. We then have,
[L2 : K] = e2d(L2/K) = p
npm where n,m ∈ N.
Also, (L/L2, ν) is tame implies [L : L2] = q2g2 = q2f . Thus,
[L : L2] = [L1 : K] =⇒ q2f = e1f1 =⇒ q2g1 = e1 =⇒ q2 divides e1.
Again, e = e1q1 = e2q2 = p
nq2. (L1/K, ν) is tame implies gcd(e1, p) = 1. Thus gcd(e1, p
n) = 1. So,
e1q1 = p
nq2 =⇒ pn | q1 =⇒ e1 divides q2.
So we obtain,
e1 = q2, q1 = p
n = e2, f = f1, g1 = 1.
Thus Lν = L1ν. And q1 = p
n implies νL/νL1 is a p-group. So (L/L1, ν) is a purely wild extension.
Moreover, e = q2e2 = e1e2, that is, [νL : νK] = [νL1 : νK][νL2 : νK]. Hence we have the lemma.

Lemma 4.2. Let (K, ν) be a henselian field such that Kν is perfect. Let (L1/K, ν) be a finite tame
extension and (L2/K, ν) be a finite extension. Set L = L1 ·L2. Set L′2 = L2 ∩Kr and L′ = L1 ·L′2.
Then (L/L2, ν) and (L
′/L′2, ν) are finite tame extensions. Moreover (L/L2, ν) is unramified if and
only if (L′/L′2, ν) is unramified.
Proof. From [6, Theorem 5.10] we have that Lr2 = L2 · Kr and (L′2)r = L′2 · Kr = Kr. So,
L2 ∩ (L′2)r = L2 ∩Kr = L′2. Hence (L2/L′2, ν) is a finite purely wild extension.
Now, L1 ⊆ Kr as (L1/K, ν) is a tame extension. So, L′ = L1 · L′2 ⊆ Kr = (L′2)r implies (L′/L′2, ν)
is finite tame extension.
Now, L′ ·L2 = L1 ·L′2 ·L2 = L1 ·L2 = L. (L′2/K, ν) is a finite extension, hence (L′2, ν) is a henselian
valued field such that L′2ν is perfect. So from Lemma 4.1 we have
[νL : νL′2] = [νL
′ : νL′2][νL2 : νL
′
2].
Again [νL : νL′2] = [νL : νL2][νL2 : νL
′
2]. Thus we obtain,
[νL′ : νL′2] = [νL : νL2].
Lemma 4.1 further implies that (L/L2, ν) is a finite tame extension. Thus (L/L2, ν) is umramified,
that is, νL = νL2, if and only if (L
′/L′2, ν) is unramified. 
Lemma 4.3. Let (K, ν) be a henselian field. Let (L1/K, ν) and (L2/K, ν) be finite tame extensions.
Set L = L1 · L2 and ei = [νLi : νK], i = 1, 2. For any θ ∈ OL let dθ = [L1ν(θν) : L1ν]. Then,
(L/L2, ν) is unramified if and only if e2dθ = e1[L : L1] for some θ ∈ OL.
In this case, Lν = L1ν(θν) and e1 divides e2.
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Proof. (L/L2, ν) is unramified implies νL = νL2. Now L = L1 · L2 ⊆ Kr, hence (L/K, ν) is
tame. In particular, (L/K, ν) and any subextension of L/K is defectless. Using the multiplicative
property of ramification indices and Lemma 2.1, we then obtain
[νL : νK] = e2 = [νL : νL1]e1 =
[L : L1]
[Lν : L1ν]
e1.
Since Lν/L1ν is a finite separable extension, so Lν = L1ν(θν) for some θ ∈ OL. Then,
e2dθ = e1[L : L1].
Conversely suppose e2dθ = e1[L : L1] for some θ ∈ OL. Now dθ = [L1ν(θν) : L1ν] ≤ [Lν : L1ν]. So,
e1[L : L1] = e2dθ ≤ e2[Lν : L1ν] =⇒ e1[νL : νL1] ≤ e2 =⇒ [νL : νK] ≤ e2.
Thus all the above inequalities are equalities. So, e2 = [νL : νK] and hence (L/L2, ν) is unramified.
Also, dθ = [Lν : L1ν], that is Lν = L1ν(θν). And, dθ divides [L : L1] =⇒ e1 divides e2. 
From Lemma 4.2 and Lemma 4.3 we obtain the following theorem.
Theorem 4.4. Let (K, ν) be a henselian field such that Kν is perfect. Let (L1/K, ν) be a finite
tame extension and (L2/K, ν) be a finite extension. Set L = L1 · L2. Set L′2 = L2 ∩ Kr and
L′ = L1 · L′2. Set e1 = [νL1 : νK] and e′2 = [νL′2 : νK]. For any θ ∈ OL′ let dθ = [L1ν(θν) : L1ν].
Then,
(1) (L/L2, ν) is unramified if and only if e
′
2dθ = e1[L
′ : L1] for some θ ∈ OL′ .
In this case, L′ν = L1ν(θν) and e1 divides e′2.
Corollary 4.5. Let assumptions and notations be as in Theorem 4.4. Suppose that e1 = e
′
2. Then,
(L/L2, ν) is unramified if and only if (L
′/L1, ν) is unramified.
Remark 4.6. θ mentioned in Theorem 4.4 arises naturally in the case of complete discretely valued
fields of rank 1, hence in particular, P-adic fields. Since it is enough to look within tame extensions,
let K, L1, L2 and L be as in Lemma 4.3. Further, suppose that (K, ν) is complete and discretely
valued of rank 1. Then ∃ θ ∈ OL such that OL = OK [θ] and Lν = Kν(θν) [cf. 4, Theorem 4.8′].
In particular, Lν = L1ν(θν), and hence, dθ = [Lν : L1ν]. If (L/L2, ν) is unramified, we observe
that θ satisfies (1).
Remark 4.7. Let our assumptions and notations be as in Theorem 4.4. If (L/L2, ν) is unramified,
then e1 divides e2. So, [νL : νK] = lcm(e1, e2). However the converse is not true, as illustrated by
the next example.
Example 4.8. Let k be a field such that char k 6= 2, 3. Let the valued field (K, ν) be as in Example
3.1. Let L1 = K(
√
X) and L2 = K(
3
√
Y ). Let L = L1 · L2. Then (L/L2, ν) is ramified.
Proof. Let e1 = [νL1 : νK], e2 = [νL2 : νK], e = [νL : νK]. From Example 3.1 we have νK =
(Z ⊕ Z)lex and k ⊆ Kν. So char Kν 6= 2, 3. We have an unique extension of ν to K with
νK = (Q⊕Q)lex. Further we have,
[L1 : K] = e1 = 2, νL1 =
1
2
Z⊕ Z, L1ν = Kν.
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Again, 3ν( 3
√
Y ) = ν(Y ) = (0, 1) =⇒ ν( 3√Y ) = (0, 13) /∈ νK. Using the same arguments as in the
proof of Example 3.1, we have
[L2 : K] = e2 = 3, νL2 = Z⊕ 1
3
Z, L2ν = Kν.
Since char Kν 6= 2, 3, both (L1/K, ν) and (L2/K, ν) are tame extensions. Again 12Z ⊕ 13Z ⊆ νL.
So, e ≥ [12Z ⊕ 13Z : Z ⊕ Z] = 6. Again, [L : K] ≤ [L1 : K][L2 : K] = 6. From Lemma 2.1 we then
conclude,
[L : K] = e = 6, νL =
1
2
Z⊕ 1
3
Z, Lν = Kν.
So in particular, e = lcm(e1, e2). However e 6= e2, hence (L/L2, ν) is ramified. 
We now give a couple of examples illustrating the above results. In the first example, we choose
a particular θ that satisfies the condition (1). In the second example, we construct a family of tame
extensions of henselian valued fields, with different residue characteristics. For each of those tame
extensions, we eliminate the ramification after lifting through a similar finite extension.
Example 4.9. Let k = F3(t) where t is an indeterminate and ν = νt be the t-adic valuation on k.
Let K = (k, ν)h be the henselization of k with respect to ν. Let L1 = K(
√
t) and L2 = K(
4
√
2t).
Let L = L1 · L2. Then (L/L2, ν) is unramified.
Proof. Set e1 = [νL1 : νK] and e2 = [νL2 : νK]. We know νk = Z and kν = F3. Since henselization
is an immediate extension, we have νK = Z and Kν = F3. The valuation ν extends uniquely to K
with νK = Q. Now 2ν(
√
t) = ν(t) = 1 =⇒ ν(√t) = 12 . Thus
√
t /∈ K. Hence
[L1 : K] = 2 = e1, νL1 =
1
2
Z, L1ν = F3.
Similarly, observing ν( 4
√
2t) = 14 , we obtain
[L2 : K] = 4 = e2, νL2 =
1
4
Z, L2ν = F3.
In particular, (L1/K, ν) and (L2/K, ν) are both tame extensions. Now L = K(
√
t, 4
√
2t) = L1(
4
√
2t).
Thus,
[L : L1] = [L1(
4
√
2t) : L1] ≤ 4.
Again ν( 4
√
2t) = 14 =⇒ 14Z ⊂ νL. Since νL1 = 12Z we have
[νL : νL1] ≥ 2.
We also observe that (
4
√
2t)2√
t
=
√
2 ∈ L. 2ν(√2) = ν(2) = 0 =⇒ ν(√2) = 0. Thus √2 ∈ OL.
Let f(X) = X2 − 2 ∈ L1[X]. Since L1ν = F3 and ν is trivial on F3, we have (fν)(X) = X2 − 2 ∈
F3[X]. Now f(
√
2) = 0 =⇒ ν(f(√2)) > 0 =⇒ (fν)(√2ν) = 0. Since (fν)(X) is irreducible on F3,
it is the minimal polynomial of
√
2ν over F3. Thus [L1ν(
√
2ν) : L1ν] = [F3(
√
2ν) : F3] = 2. So,
[Lν : L1ν] ≥ [L1ν(
√
2ν) : L1ν] = 2.
Since (K, ν) is henselian and (L/L1, ν) is a tame extension, by Lemma 2.1 we have that [L : L1] =
[νL : νL1][Lν : L1ν]. So from the preceding discussion, it follows
[L : L1] = 4, [νL : νL1] = 2, [Lν : L1ν] = 2.
Denoting d√2 = [L1ν(
√
2ν) : L1ν], we then have e1[L : L1] = e2d√2. Hence by Lemma 4.3 we
conclude that (L/L2, ν) is unramified. Also we obtain Lν = F3(
√
2ν).

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Example 4.10. Let p be an odd prime such that p ≡ 3(mod 4). Let k = Fp(t) where t is an
indeterminate and ν = νt be the t-adic valuation on k. Let K = (k, ν)
h be the henselization of
k with respect to ν. Let L1 = K(
√
t). Then there exists a finite extension (L2/K, ν) such that
(L1 · L2/L2, ν) is uniformizable.
Proof. We have νK = Z and Kν = Fp. Denoting e1 = [νL1 : νK], from the earlier example we
have that ν(
√
t) = 12 . Further,
[L1 : K] = e1 = 2, νL1 =
1
2
Z, L1ν = Fp.
Let θ =
√−1 ∈ Fp. Then 2ν(θ) = ν(−1) = 0 =⇒ ν(θ) = 0. Let L2 = K(θ
√
t) = K(
√−t). Thus
[L2 : K] ≤ 2. Again as before ν(
√−t) = 12 . Denoting e2 = [νL2 : νK], we then have
[L2 : K] = e2 = 2, νL2 =
1
2
Z, L2ν = Fp.
Let L = L1 · L2 = L1(θ). Then [L : L1] ≤ 2. Now let f(X) = X2 + 1 ∈ L1[X]. Since ν is trivial on
Fp we thus have (fν)(X) = X
2+1 ∈ Fp[X]. Then f(θ) = 0 =⇒ (fν)(θν) = 0. Again, p ≡ 3(mod4)
implies (fν)(X) ∈ Fp[X] is irreducible. Thus, dθ = [Fp(θν) : Fp] = 2. So [Lν : L1ν] ≥ 2. Thus,
[L : L1] = [Lν : L1ν], νL = νL1.
Since (L1/K, ν) and (L2/K, ν) are tame extensions, we have that (L/L1, ν) is tame. Hence (L/L1, ν)
is unramified. Again e1 = e2. From Corollary 4.5 it follows that (L/L2, ν) is unramified. In
particular L ⊆ Li2.
Now (K, ν) is henselian and (L2/K, ν) is algebraic implies that (L2, ν) is henselian. Also (L/L2, ν)
is a finite extension with L ⊆ Li2. Then from [6, Proposition 15.8], it follows that (L/L2, ν) is
uniformizable. 
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